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We propose to slightly generalize the DeWitt-Schwinger adiabatic renormalization subtractions
in curved space to include an arbitrary renormalization mass scale µ. The new predicted running
for the gravitational couplings are fully consistent with decoupling of heavy massive fields. This
is a somewhat improvement with respect to the more standard treatment of minimal (DeWitt-
Schwinger) subtractions via dimensional regularization. Because of the natural decoupling, the
proposed runnings could shed new light on the quantum cosmological constant problem. We also
show how the vacuum metamorphosis model emerges from the running couplings.
I. INTRODUCTION
One of the cornerstones in quantum field theory
has been the design of regularization/renormalization
schemes that allows us to overcome ultraviolet diver-
gences when computing physical observables [1–3]. In
perturbative quantum electrodynamics we thus obtain
reliable, well-proven results such as the Lamb shift and
the running of the electromagnetic coupling constant due
to vacuum polarization. The renormalization process
always involves an arbitrary mass parameter µ and the
possibility of rescaling it. There is also much arbitrari-
ness in the choice of the finite part of the renormalization
counterterms. This is also reflected in the predicted
running of the coupling constant. However, when the
masses can be neglected the leading order beta function
is uniquely fixed and one obtains βe ∼ e3/12π2 for
large µ/m. In general, when masses are not negligible,
the beta function inherits a dependence on the chosen
subtraction scheme.
Another relevant feature of renormalization is the
expected decoupling of higher massive particles, as
enforced by the Appelquist-Carazzone theorem [4].
This means that particles with mass higher than the
relevant physical energy scale should not contribute to
any computed observable. This ensures that for low
energy physics we do not need to know about the related
very high energy physics, hence supporting the effective
field theory framework. The minimal subtraction (MS)
scheme in dimensional regularization [5, 6] is a very
efficient method to evaluate the behavior of the running
couplings. However, MS does not fulfill the decoupling
theorem and one needs to resort to a mass-dependent
scheme to capture the low energy behavior of the beta
function.
Renormalization theory has also been extended to
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quantized fields in curved spacetime from the early
seventies, as reported in [7, 8]. Here the main focus
was the renormalization of the energy-momentum tensor
and the evaluation of the effective action in a way
consistent with general covariance. One of the major
tools is the heat-kernel or proper-time expansion of
the Feynman propagator [9–11]. As in the case of per-
turbative computations in Minkowski space, quantized
fields in curved space are also plagued with ultraviolet
divergences. The DeWitt-Schwinger expansion serves to
identify the emerging ultraviolet divergences, some of
which are intrinsically tied to the spacetime curvature
and are absent in flat space. In the evaluation of
the renormalized effective action the removal of the
divergences can also be done using a mass independent
scheme, like MS in dimensional regularization [12]. This
introduces the usual µ parameter and the associate
running of the gravitational coupling constants (see, for
instance, [7, 13]). As expected, the obtained runnings
do not fulfill the Appelquist-Carazzone theorem and in
consequence makes it difficult to arrive at any physical
interpretation in the cosmic infrared regime. This
is specially important in discussing the cosmological
constant problem and the running of Newton’s constant
[13–15].
In this work we propose to re-evaluate the effective ac-
tion, and the associated beta functions, by re-expressing
the conventional DeWitt-Schwinger adiabatic expansion
with the introduction of a novel µ scale parameter in
the definition of the adiabatic subtraction terms. The
µ parameter is introduced in such a way that a natural
decoupling emerges in the running couplings. This
allows us to physically interpret the quantum contribu-
tions at the low energy limit, somewhat alleviating the
cosmological constant problem. We also show how the
vacuum metamorphosis model [16, 17], one of the most
appealing models to account for dark energy [18, 19] and
to soften the measured H0 tension [20], emerges when
the µ parameter is interpreted in terms of the Ricci
scalar.
To make the paper self-contained we first introduce the
2DeWitt-Schwinger (proper-time) expansion and briefly
summarize the derivation of the well-known running for
the couplings in dimensional regularization with the min-
imal prescription. To better explain the main ideas we
consider a quantized complex scalar field coupled to ex-
ternal gravitational and electromagnetic fields. The in-
troduction of the external electromagnetic field is some-
what tangential to the main topic of the paper. However,
we introduce it in the discussion for pedagogical pur-
poses, since the running of the effective electric charge
is a well-stablished theoretical and experimental result.
This permits to compare the one-loop electromagnetic
behavior with analogous results in gravity. We use units
for which c = 1 = ~. Our sign conventions for the sig-
nature of the metric and the curvature tensor follow Ref.
[7, 8].
II. EFFECTIVE ACTION,
DEWITT-SCHWINGER EXPANSION, AND
DIMENSIONAL REGULARIZATION
We start from the classical Einstein-Maxwell theory
S =
∫
d4x
√−g
(
−Λ + R
16πG
− 1
4q2
FµνF
µν
)
+ SM
(1)
coupled to a quantized charged scalar field described by
the action
SM =
∫
d4x
√−g ((Dµφ)†Dµφ+m2|φ|2 + ξR|φ|2) ,
(2)
with Dµ = ∇µ+ iAµ. The most relevant physical objects
are the renormalized energy-momentum tensor 〈Tµν〉 and
the one-loop effective action Seff for the matter field,
related by 2√−g
δSeff
δgµν = 〈Tµν〉 . The effective action can
be formally expressed in terms of the Feynman propaga-
tor Seff = −iTr log(−GF ). The propagator satisfies the
Klein-Gordon type equation
(✷x +m
2 + ξR)GF(x, x
′) = −|g(x)|−1/2δ(x − x′) . (3)
In general, above formal expression for the effective ac-
tion is divergent. To explicitly identify the ultraviolet
divergences, one can express the Feynman propagator as
an integral in the proper time s
GF(x, x
′) = −i
∫ ∞
0
ds e−im
2s〈x, s|x′, 0〉 , (4)
where m2 is understood to have an infinitesimal negative
imaginary part (m2 ≡ m2 − iǫ). The kernel 〈x, s|x′, 0〉
can be expanded in powers of the proper time as follows
〈x, s|x′, 0〉 = i∆
1/2(x, x′)
(4π)2(is)2
exp
σ(x, x′)
2is
∞∑
j=0
aj(x, x
′)(is)j
(5)
[∆(x, x′) is the Van Vleck-Morette determinant and
σ(x, x′) is the proper distance along the geodesic from
x′ to x]. Therefore, the effective Lagrangian, defined as
Seff =
∫
d4x
√−gLeff , has the following expansion
Leff =
2i
2(4π)2
∞∑
j=0
aj(x)
∫ ∞
0
e−ism
2
(is)j−3ds . (6)
The first coefficients an(x, x
′) are given, in the coinci-
dence limit x→ x′, by [7, 8]
a0(x) =1 , a1(x) = −ξ¯R
a2(x) =
1
180
RαβγδR
αβγδ − 1
180
RαβRαβ
−1
6
(
1
5
− ξ
)
✷R+
1
2
ξ¯2R2 − 1
12
FµνFµν , (7)
where ξ¯ = ξ − 16 . We observe that the ultraviolet
divergences of (6) are isolated in the first three terms
of the DeWitt-Schwinger expansion. The removal of di-
vergences is usually done via dimensional regularization
and minimal subtraction.
In n spacetime dimensions the corresponding expres-
sion (6) can be expanded as
Leff ≈ 2i
2(4π)n/2
(
m
µ
)n−4 ∞∑
j=0
aj(x)m
4−3jΓ(j − n
2
) ,
(8)
where one has introduced an arbitrary mass scale µ
to maintain the initial units of Leff as (length)
4
. As
n → 4, the first three terms diverge with simple poles
in 1/(n − 4). Subtracting the terms with poles one ob-
tains the renormalized effective Lagrangian. This also
requires that the original classical Lagrangian be mod-
ified, up to total derivatives, by the addition of higher
derivative terms of the form α1C
2 + α2R
2, where α1
and α2 are dimensionless coupling constants. Here C
2 ≡
RµναβR
µναβ − 2RµνRµν + 13R2 is the square of the Weyl
tensor. Demanding that the total effective Lagrangian,
including the classical part, be µ-independent leads to
the following beta-functions (see for instance [13])
βDRΛ =
m4
16π2
βDRκ = −
m2ξ¯
4π2
βDRq =
q3
48π2
βDRα1 = −
1
960π2
βDRα2 = −
1
16π2
ξ¯2 , (9)
where κ−1 = 8πG.
III. ADIABATIC DEWITT-SCHWINGER
SUBTRACTIONS
The DeWitt-Schwinger expansion can also be regarded
as an adiabatic expansion in number of derivatives of
the metric and the external fields. This is even more
explicit in its counterpart expansion in local-momentum
space [21]. Therefore, the renormalization of the effective
action can also be performed simply by subtracting off all
3(DeWitt-Schwinger) terms up and including the fourth
adiabatic order [7]
Ldiv =
2i
2(4π)2
2∑
j=0
aj(x)
∫ ∞
0
e−ism
2
(is)j−3ds . (10)
Our purpose now is to evaluate the running of the cou-
pling constants within the above subtraction prescrip-
tion. To this end we have to introduce a mass scale pa-
rameter µ in the DeWitt-Schwinger framework. This can
be easily done from the following observation. We can re-
place the mass parameter m2 in (10) by an arbitrary µ2
parameter and redefine the DeWitt coefficients ai → a¯i
to keep consistency within each adiabatic order. The new
proposed Ldiv(µ) reads
Ldiv(µ) =
2i
2(4π)2
2∑
j=0
a¯j(x)
∫ ∞
0
e−isµ
2
(is)j−3ds , (11)
where now the first coefficients of the expansion are
a¯0(x) = 1 , a¯1(x) = a1(x) + µ
2 −m2
a¯2(x) = a2(x) + ξ¯R
(
µ2 −m2)+ 1
2
(
µ2 −m2)2 .(12)
Now we can separate from expression (11) a µ-
independent divergent term and a finite µ-dependent
term by computing the finite expression
Ldiv(µ)− Ldiv(m) = δΛ + δGR+ δσa2 , (13)
where
δΛ=
1
(8π)2
{
4m2(µ2 −m2)− (µ4 −m4)− 2m4 log
(
µ2
m2
)}
δG=
1
16π2
ξ¯
{
µ2 −m2 −m2 log
(
µ2
m2
)}
δσ=
−1
16π2
log
(
µ2
m2
)
. (14)
The beta functions are obtained by requiring µ-
independence of the effective Lagrangian
Leff = −Λ(µ) + 1
2
κ(µ)R − 1
4q2(µ)
FµνF
µν
+ α1(µ)C
2 + α2(µ)R
2 + α3(µ)E + α4(µ)✷R
− (δΛ(µ) + δG(µ)R + δσ(µ)a2) + · · · . (15)
E = RµναβR
µναβ−4RµνRµν+R2 is the integrand of the
Gauss-Bonet topological invariant. Note that the omit-
ted terms in the third line of (15) are independent of µ.
The results for the beta functions are
βDSΛ =
(µ2 −m2)2
16π2
βDSκ =
ξ¯(µ2 −m2)
4π2
βDSq =
q3
48π2
βDS1 =
−1
960π2
βDS2 =
−ξ¯2
16π2
βDS3 =
1
2880π2
βDS4 =
1
5 − ξ
48π2
. (16)
We have included for completeness all coupling con-
stants. This agrees with the results obtained in [22]
for Friedmann-Lemaitre-Robertson-Walker spacetimes
using a similar generalization of the usual adiabatic
regularization method [23], via the introduction of an
analogous off-shell scale µ. (For a recent use of this
generalization see [24]). We also have exact agreement
for the dimensionless coupling constants obtained in di-
mensional regularization, as displayed in (9). Hadamard
renormalization also leads to a similar result for the
running of the electric coupling constant [25, 26].
IV. DECOUPLING AND RUNNING
GRAVITATIONAL CONSTANTS
The unsatisfactory point of the above results ((16) and
also (9)) is the absence of decoupling for heavy massive
fields. For several charged (scalar) matter fields we have
βq =
∑
i
q3i
48pi2 , irrespective of the masses. On the other
hand, for µ≪ mi the mass dependent µ-scheme [2, 3] in
scalar electrodynamics leads to βq ∼
∑
i
q3i
48pi2
µ2
m2
i
. Hence
the contribution to the running of particles with masses
much bigger than the physical scale µ is negligible. The
same happens for the dimensionless couplings αk.
To incorporate a decoupling mechanism we introduce
a simple and natural modification of (11). We propose
to choose, instead of (11),
Ldiv(µ) =
2i
2(4π)2
2∑
j=0
a¯j(x)
∫ ∞
0
e−is(m
2+µ2)(is)j−3ds ,
(17)
and hence a¯0(x) = 1, a¯1(x) = a1(x)+µ
2, a¯2(x) = a2(x)+
ξ¯Rµ2 + 12µ
4. For several charged scalar fields we have
Ldiv(µ) =
2i
2(4π)2
∑
i
2∑
j=0
a¯j(x)
∫ ∞
0
e−is(m
2
i+µ
2)(is)j−3ds ,
(18)
where the index i is for any particle species that appears
in the Lagrangian and µ is the single renormalization
scale of the overall theory.
The corresponding beta function for the electric charge
obtained from (17) is
βq =
q3
48π2
µ2
m2 + µ2
, (19)
while the result for the dimensionless gravitational con-
stants are similarly
β1 = − 1
960π2
µ2
m2 + µ2
β2 = − ξ¯
2
16π2
µ2
m2 + µ2
β3 =
1
2880π2
µ2
m2 + µ2
β4 =
1
5 − ξ
48π2
µ2
m2 + µ2
. (20)
4The difference between (19)-(20) and (16) is that the
former approaches the latter in the limit µ ≫ m while
it approaches to zero quadratically in the limit µ ≪ m.
This is equivalent to the decoupling of very massive
charged particles in scalar electrodynamics.
Concerning the dimensionfull gravitational constants,
the decoupling is also absent in dimensional regulariza-
tion. This makes it not trivial to assign some physical
meaning to the µ parameter. However, within the pro-
posed DeWitt-Schwinger framework and from (17) we get
the following beta functions
βDSΛ =
1
16π2
µ6
m2 + µ2
βDSκ =
1
4π2
µ4
m2 + µ2
. (21)
For large values of the scale µ ≫ m the mass can be
ignored, while heavy particles m ≫ µ decouple and the
beta functions tens to zero. Note that for dimensionfull
coupling constants the decoupling is a stronger restric-
tion since the running from (14) possesses quadratic and
quartic mass terms.
The running of the cosmological and Newton’s gravita-
tional constants are given by [Λ = Λc/8πG, where Λc is
the traditional cosmological constant. For completeness
we also give the results for fields of various spins. Details
will be given elsewhere.]
Λ(µ) = Λ0 +
γ
128π2
((µ4 − µ40)− 2m2(µ2 − µ20)
+ 2m4 log
(
m2 + µ2
m2 + µ20
)
) (22)
G(µ) =
G0
1 + ρG02pi
(
µ2 − µ20 −m2 log
(
m2+µ2
m2+µ2
0
)) , (23)
while the running for the dimensionless gravitational con-
stants are
αi(µ) = αi0 +
σi
π2
log
(
m2 + µ2
m2 + µ20
)
. (24)
In Table I we give the values of the numerical constants
γ, ρ and σi for fields of spin s = 0,
1
2 , 1. In the calculation
we have used the DeWitt coefficients for the various fields
given [8].
s = 0 s = 1
2
s = 1
γ 1 -4 4
ρ ξ − 1/6 -1/3 1/3
σ1 −1/430 11/11520 −7/1920
σ2 −(ξ − 1/6)
2/8 0 −1/1152
σ3 1/1440 -1/640 −1/180
σ4 (1/5− ξ)/24 1/960 −1/960
Table I. We summarize here the results for the numerical co-
efficients in the expressions for the runnings given in the text.
s = 0 corresponds to a real scalar field, s = 1/2 is for a Dirac
field, while s = 1 corresponds to a vector field.
It is interesting to briefly consider the massless limit
for the predicted running for the Newton constant,
as given by (23): G(µ) = G0(1 + ρ G0(µ
2 − µ20))−1.
This expression has the same form as the one obtained
within a very different approach. The asymptotic
safety framework of quantum gravity predicts a similar
behavior for the running of Newton’s constant [27] (see
also [28]).
Even though the above renormalization prescription
does not give us a uniquely physical interpretation for
µ, it supports the idea that indeed it can be linked to
some physical scale, such as the conventional momentum
rescaling in flat space particle scattering. One possible
way of choosing a natural mass/length scale in a cosmo-
logical setting is to make µ proportional to the Hubble
parameter H , or µ2 to be proportional to the Ricci
scalar R. Then the running obtained in (24) is somewhat
similar to the generic form of the running proposed
in the running vacuum models (RVM’s) [29] (see also
[13, 24] and [30] for a connection with cosmological
observations and smoothing of data tensions).
Let us analyze with more details the consequences of
the assumption µ2 ∝ R. For computational purposes it is
convenient to choose µ2 = ξ¯R. We also select the referent
point µ0 = 0 and assume that
Λ0 = 0, αi0 = 0 , (25)
and keep κ0 = (1/8πG0), where G0 is the measured
Newton’s constant. The effective Lagrangian is well-
approximated by (here we are considering a single real
scalar field)
Leff = −Λ(µ) + 1
2
κ(µ)R + α1(µ)C
2 + α2(µ)R
2 +
+ α3(µ)E + α4(µ)✷R . (26)
Taking into account the running derived in (24)-(23) for
all gravitational coupling constants and the conditions
(25), the above effective action can be rewritten in the
form
Leff=
1
2
κ0R+
1
64π2
{
m2ξ¯R+
3
2
ξ¯2R2
− (m4 + 2m2ξ¯R+ 2a2) log
(
m2 + ξ¯R
m2
)}
. (27)
Remarkably, this coincides with the action proposed by
Parker and Raval in [16, 17] on the basis of the R-summed
form of the Feynman propagator [31–33]. Here only the
measured Newton’s constant G0 appears in the action.
a2 is the DeWitt coefficient given in (7).
V. CONCLUSIONS AND FINAL COMMENTS
We have generalized the DeWitt-Schwinger renormal-
ization subtractions to include an arbitrary renormal-
ization mass scale µ, and in such a way to ensure the
5decoupling of heavy masses. This is a somewhat im-
provement with respect to the more common treatment
of the DeWitt-Schwinger expansion via dimensional
regularization and minimal subtraction. We have also
analyzed the new predicted running for the gravitational
couplings.
As a byproduct of our proposal, and because of the nat-
ural decoupling, the obtained runnings soften the stan-
dard quantum cosmological constant problem. To see
this in the conventional way let us assume that Λ0 =
0. Following the standard approach, i.e., dimensional
regularization, any massive particle will contribute as
ΛDR(µ) ∼ m4 log
(
µ2
m2
)
(see, for instance, [13, 14]). Tak-
ing for m a characteristic mass of the Standard Model,
such as Higgs mass (mH ∼ 125 GeV), and for µ the
Hubble rate µc ≈ H0 ∼ 10−33eV, the above expres-
sion gives the well-known extremely high contribution
ΛH(H0) ∼ 1046eV4. This is in conflict with the observed
current energy density Λobs ∼ 10−11eV4 (see [13] for a
detailed discussion). However, if we now use (22) we ob-
tain an extremely low value. More generally, in the limit
of large massesm≫ µc (all the standard model particles)
the termm4 decouple and we get ΛDS(µ) ∼ µ6m2 +O( 1m4 ).
Note that other scale fixing is possible, for instance one
can take µ =
√
EγH0 ≈ 2 × 10−16eV where Eγ is the
energy of the supernova photon in the context of the lo-
cal measures of H0, as advocated in [14]. However, since
the decoupling is valid as long as m ≫ µ the contri-
bution for this last energy scale will still be negligible.
This heuristic discussion suggests that the origin of the
accelerated expansion could be more naturally found in
ultra-low masses. This requires the identification of µ2 as
a time-dependent scale proportional to the Ricci scalar,
as also reinforced in the more quantitative arguments dis-
played in this work.
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